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Annotatsiya. Magolada korrupsiya jarayonini xotira effekti va ijtimoiy muhitdagi notekis ta sirlarni
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Annotation. This article develops a fractal-fractional differential model for corruption dynamics
under memory effects and heterogeneous social influence. Corruption activity, institutional control and
public transparency are considered as mutually connected dynamic variables. The methodology is based
on a Caputo-type fractal-fractional operator, positivity of solutions, equilibrium analysis and a local
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Introduction. Corruption is a complex socio-economic process in which incentives, institutional
weakness, delayed punishment, informal networks and public tolerance interact over time. In many cases
the present level of corruption is influenced not only by current control measures, but also by previous
administrative culture, accumulated informal experience and delayed legal reaction. Therefore, ordinary
differential equations with only local time dependence may be insufficient.

Fractional differential equations are useful for processes with memory. The additional fractal
component reflects irregular social interaction, heterogeneous administrative structure and non-uniform
transmission of corrupt behavior. The purpose of this article is to construct a compact theoretical model of
corruption dynamics by means of fractal-fractional differential equations and to analyze positivity,
equilibrium and stability conditions.

Literature review. Fractional calculus is widely used to describe hereditary behavior, anomalous
diffusion and nonlocal time dynamics [1;78-83 p.], [2:15-22 p.]. The Caputo derivative is convenient for
applied modelling because it allows classical initial conditions. Stability of fractional systems is usually
connected with the Mittag-Leffler function, which generalizes the exponential function [3;92-100 p.].

Mathematical models of corruption are often based on epidemic-type systems, game theory and
optimal control. In such models corrupt behavior may be interpreted as a transmissible social state. The
present article differs from simple integer-order models by introducing a fractal-fractional operator and by
treating institutional control and public transparency as dynamic feedback variables.

Research Methodology. Let C(t) denote the normalized intensity of corruption activity, /(t) the
level of institutional control, and P(t) the level of public transparency at time ¢ = 0. All variables are
nonnegative. For0 <a <land0 < g <1, We use the Caputo-type fractal-fractional derivative

DEPx(t) = f (t — )" x'(s) ds.
FE Br (1 a)
Here a controls memory depth and S reflects the irregularity of interaction time. The proposed model
is

C
p&fc=ac (1 _E> — (u+vI+ pP)C.

nC
DifI =5+ —dl.
FFEZS Ty c
Dfp =q+ —¢P.
FE 1 m+C d

with initial conditions
C(0)=Cy =0, 1(0)=1,=0, P(0) =Py =0.

The parameters have the following meanings: A is the growth intensity of corruption, K is the
saturation level, u is the natural removal rate, y and p are the effects of control and transparency, s and g
are baseline inputs, 1 and @ are reaction coefficients, d and ¢ are decay rates, and m is a half-saturation
coefficient [4].

Analysis and results. The right-hand side of the system is locally Lipschitz in the nonnegative
domain. Hence, by the fixed-point argument for fractional Volterra equations, the model has a unique local
solution. Its integral form is

X®) =X0)+—=——= b

r(a) Jo
where X(t) = (C (0,1 (t),P(t))T. This expression demonstrates that the current state depends on
the previous trajectory of the system.

The nonnegative region is invariant. On the boundary C = 0 the first equation gives zero, on [ = 0
the second equation is nonnegative; and on P = 0 the third equation is nonnegative. Thus, nonnegative
initial data generate nonnegative solutions.

s q
Eo = ( d’ g)

The corruption-free equilibrium is
At this equilibrium, the effective growth rate of corruption is
S q
fl

og=A1—
0 H—Y~> 4
Therefore, the corruption reproduction indicator can be written as

¢
P 1t —)* R (X (1)) dr,
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A

e = W ys/d+ pafE

If R, < 1, then the corruption-free equilibrium is locally asymptotically stable in the fractional sense.
If R, > 1, corruption may persist and an endemic corruption level can appear. The formula shows that
increasing baseline control s, transparency q, and their efficiencies y, p reduces the corruption reproduction
indicator.

The fractional order a explains why anti-corruption measures may have delayed effects: the system
remembers previous weak-control periods. The fractal parameter § changes the effective time scale and
may describe irregular reform implementation, unequal institutional capacity or fragmented information
flow. For qualitative scenario analysis one may compare three regimes. In the first regime, baseline
institutional control and transparency are weak; then the denominator of R, is small and corruption can
grow even from a low initial level. In the second regime, control increases but transparency remains weak;
in this case the model predicts reduction of corruption, but the decrease may be slow because public
pressure does not support institutional measures. In the third regime, both control and transparency are
strengthened; then the threshold indicator decreases most effectively and the corruption-free equilibrium
becomes more robust. This interpretation is important because it shows that institutional policy and public
openness should not be treated as isolated factors [3].

The model also explains the difference between short-term and long-term effects. A reform may
increase I(t) quickly, but if @ < 1, the trajectory of C(¢t) still contains the memory of previous weak-
control periods. Therefore, the immediate reduction of corruption may be limited, while the long-term
tendency becomes stable only after persistent action. This feature is one of the main advantages of the
fractal-fractional approach compared with an ordinary differential equation model.

A further qualitative result follows from the threshold formula. If the state policy increases only the
punishment term g, but does not improve institutional control /(t) or transparency P(t), the model may
still be unstable when A is large. This means that punitive measures alone are not enough in a system where
informal incentives reproduce corruption. A stable policy must increase the permanent denominator of R,
that is, baseline monitoring, detection probability, administrative discipline and social transparency.

From the mathematical point of view, the threshold R, plays the same role as a reproduction number
in epidemic-type models. However, its interpretation is social rather than biological. If R, < 1, one
corruption episode produces, on average, less than one effective continuation of corrupt practice in the
institutional environment. If R, > 1, informal incentives are strong enough to maintain the process. This
interpretation makes the model useful for comparative scenarios: before estimating exact numbers, one can
determine which group of parameters should be strengthened to move the system toward the stable region

[6].

The proposed system may also be used for numerical simulation. For example, the Adams-Bashforth-
Moulton predictor-corrector method for fractional equations can be applied to the integral form of the
model. In such simulations, a decrease in a usually produces slower convergence to equilibrium, because
the memory kernel gives larger weight to the historical trajectory. A decrease in § changes the effective
time deformation and may represent irregular institutional response [7].

It should be emphasized that the variables of the model are normalized indices. They do not accuse
any concrete organization or person, and they should be interpreted only as abstract mathematical
quantities. To apply the model in practice, the researcher must define measurable proxies, such as audit
frequency, number of detected cases, transparency indicators or survey-based trust indices. After this step,
the parameters can be estimated by least squares, Bayesian methods or other identification procedures.

Conclusion/Recommendations. The article proposed a fractal-fractional differential model for
corruption dynamics. The model combines corruption activity, institutional control and public transparency
in one system. The main results are the positivity of solutions, the corruption-free equilibrium and the
threshold condition R, < 1 for local stability.

The analysis confirms that institutional control and public transparency are stabilizing factors,
whereas a high natural growth rate of corrupt behavior increases persistence risk. For future research, it is
recommended to estimate parameters from empirical indicators, compare the model with an integer-order
system and construct numerical schemes for scenario analysis.
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