





Faisc(Hu(K)) € (=0, Ein (K)) U (Enax (K), ).

2.2. Symmetry decomposition at zero total quasi-momentum. We restrict to the case of zero

total quasi-momentum. In this case, the dispersion relation takes the form
€o(p) = 4(2 — cosp; — cospy).
Both Hy(0) and V, are invariant under the coordinate interchange
(P, p2) = (P2, D)
Hence, H,,(0) admits the orthogonal decomposition
Lz’e(TZ) — Lz’e’s(TZ) @ Lz’e’a(TZ),
where
L23(T?) = {f € L**(T%): f(p1, p2) = f (P2, P}

L#*2(T?) = {f € L**(T?): f(p1, p2) = —f (P2, P1)}-
Both subspaces reduce H, (0), hence

H,(0) = HE5(0) & HZ(0). (2.3)

and

o (HM(O)) _-p (H;j's(O)) Uo (H;j'a(O)). 2.4)

3. The Fredholm Determinant and Threshold Asymptotics. 3.1. The Lippmann—Schwinger
operator.
We restrict our analysis to H ﬁ’s (0) acting in L*>®5(T?). Introduce the orthonormal form factors

$1(p) =1, $2(p) = cosp; + cospy, $3(p) = cos2p; + cos2p,.

WP H®) = Xi=1 mildi /Y¢i(P), G.1

Then

so that rankV,>* < 3.
Accordingly,
Hﬁ's (0) = Hy(0) + V%,
where Hy(0) denotes the restriction of the free fiber operator to L>®5(T?). By (2.2),
Oess (H;j's(O)) = [0,16]. (.2)
Let n_(H;*(0)) and ny (H;*(0)) denote the numbers of eigenvalues of Hy*(0) in (—c0,0) and
(16, +0), respectively. By the min—-max principle,
n_(H;*(0)) + ny(H;°(0)) < rankV,”® < 3. (3.3)
For z € R\[0,16], the resolvent of the free operator is defined by
Ro(0,2) = (Ho(0) — zI)~".
The Lippmann—Schwinger operator associated with Hﬁ’s (0)is
LZ’S(O, z) = —I/I'f'SRO(O, z). (34
Lemma 1. Let p = (q, to, ti3) € R3. Then z € R\[0,16] is an eigenvalue of Hﬁ’S(O) with
multiplicity m if and only if 1 is an eigenvalue of Lﬁ’s(O, z) with the same multiplicity.

Proof. This is the standard Lippmann—Schwinger principle; see [2].
For z € R\[0,16] define

112 = (Ro(0, 28, ) =, 012

Eo ()2 dv(p), {,j =1,2,3. (3.5)

Set
A(2) = (;j(2)ij=1, Dy = diag(u, o, 113).
Since the range of LZ’S (0, z) is contained in span{¢,, ¢, P3}. a nonzero solution of the Lippmann—
Schwinger equation has the form
3
f= 2 Xjd;.
j=1

f=L70,2)f

Substitution into
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3
x; + ‘LLIE al-j(z)xj =0, i=1,23.
j=1
(I3 + DMA(Z))JC =0, x=(x1,%,, x3)T (3.6)
Hence a nontrivial solution exists if and only if
det(l3 + D,A(z)) = 0.
Define the Fredholm determinant
Az’s(z): = det(I3 + D,A(2)). 3.7
Lemma 2. 4 point z € R\[0,16] is an eigenvalue ofHIf’S (0) if and only if
AP (2) = 0.

Moreover, Az’s(-) has at most three zeros in R\[0,16].

Proof. This follows directly from Lemma 1 and (3.6).

Lemma 3. Forall i,j = 1,2,3 and z € R\[0,16],

a;j(16 — z) = (—1)"*a;(2). (3.8)
Proof. Using
Eolp+ (mm) =16—&(p),  ¢rlp + (mm) = (—1)* ¢ (p),
and the change of variables p = w— p in (3.5) gives (3.8).

Proposition 1. For i,j = 1,2,3, the functions a;j(z) are analytic and real-valued on R\[0,16].
Moreover, a;;(z) is positive and strictly increasing on (—,0), and negative and strictly increasing on
(16, +00).

As z approaches the spectral thresholds,

Z‘:ln( )+c +o(l), z70,

aj(2) =4+ (3.9)
Z—Zln(z 16)+c +o(1), z\ 16.
Here
1 2—7
0 —_
T
1 2 2 1 1 4—-2m
=(bi,-)l-3,,-=1=(2 4 4)’ =(ij=1=| "2 2 T
2 4 4 88
2—n 4-2r 35 —10
T T T

The upper-threshold coefficients are determined by
Bt=SB"S, (C*=-5C"S, S=diag(1,-11).
Proof. These properties follow by the argument of [9].
Lemma 4. Let = (i, fiy, fi3) € R3. The finction Az’s (2) is analytic and real-valued on R\[0,16].
Moreover,
lim A S(2) = hm A S(z2) = 1.

Z—>—C0

At the spectral thresholds, )
~2 B (- 2+ Prw) +o(1), 270,

A%5(2) = 4 (3.10)
U Py 16
2B () + P +o(1), 2N 16,
Here
1 1 _32-9x
P (u) = St 2py + 2ps F oy F 3—u1u3
— 128-39
F s T i, (3.11)
and
P _1+1 _88-30m 1 A — 4 — w2
(W) SH F——— ) M3 —Tphak + 2 — MMz
3w +4mT—-48 — 3m*“+4m7—-48
T ol T T ol (3.12)
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Proof. Analyticity follows from that of AE’S (z) the matrix elements a;;(z). Since A(z) > 0 as z - Foo,
AP (2) = det(I3 + D,A(2) - 1.

Substitution of (3.9) into the determinant and Sylvester’s identity give (3.10); direct calculation gives
(3.11)-(3.12).

4. Geometry of the critical sets and main results. By Lemma 4, the lower and upper critical sets
are determined by the vanishing of the leading logarithmic coefficients Py (1) and Pg (1), respectively.

Py (w) =0 and Py (w) = 0.
Lemma 5. The polynomials Poi (u) can be represented as
P () = (u F 8)[1205 (13) F Rg ()] — 16Q5 (k3), (4.1)

128 — 397 1 32-9m

+ T +
x — + -, R— =

Qo (13) anr BTy o (#3) 31
The functions Qoi and Roi are affine in uz and have the unique zeros
6m 3

R CLINF O L a—
T128-39r M T I2@E2-ony

where

T 1
‘LL3 2'

+
H3o =
respectively. In particular,
30 < M3, <0 <p. < uio,
with
Uzo ~ —3.441, 3.~ —1.264, pi.~ 1264, pui,~3.441

Proof. Direct algebra from (3.11)-(3.12) gives (4.1); the remaining statements follow from the affine
factors.
128 —-397 >0, 32 -9 > 0, 128 — 39w < 4(32 — 9n).

Let

Iy = (43,0, 1), 11 = (=, 130),
and
I§ = (=0, u3o), If = (uio, +0).

Lemma 6. For each choice of sign, the set of points (uy, u3) € R? satisfying

12Q5 (u3) F Ry (us) = 0 (42)
is the graph of the function
RE
w3 (uz) = + 1(”3), pz €Iy VI (4.3)
Q() (#3)

This graph consists of two disjoint smooth unbounded connected curves

T% = {(#2;.113) e R*:py, = ,uzi(,u3),,u3 S Iai}J a=01 4.4
Moreover, the curves Toi and Tli divide the (Uy, U3)-plane into three disjoint open unbounded
connected components:

D= {(uz, 13) € R%: 3 € Iy, ptp < 43 (u3)}, (4.3)
D= {2 13) ER?: iz € Iz, Ty, > i#zi(li3)}
U{(t2, 43) € R?%: 3 = .U;Tr,o}
U {2, 113) € R i3 € IF, tp1p < 5 (13)}, (4.6)
D3 = {(u 113) € R2: 3 € IF, pp > 5 (uz)}, (4.7)

Proof. Solving (4.2) gives (4.3). Its pole yields the vertical asymptote, and the sign change across the
two branches gives the components (4.5)-(4.7).

#2Q5 (U2) TRy () = 0, Q5 (u3) =0
For each choice of sign, define

+ 16Q3 (13
JH3) = £8 + s 4.8
MGz i) = 384 o TR ) *.8)
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Lemma 7. For each choice of sign, the critical set
I = {(u, 2, 43) € R3: P () = 0}
is the graph of the function Hli(‘l,lz,‘l,l3) defined in (4.8) on Doi U D1i U Dzi.
More precisely,
+ + +
r+=r;surFurs,
where
I ={(b, b2, 13) € R®:py = U (ua, 112), (Mo, 13) €D}, @ =012, (49)
The sets Iy, ITY, and Iy* are pairwise disjoint smooth unbounded connected surfaces.
To describe the connected components of their complement, set

Vi = {(u1 iz, 113) € R3: (p, p13) € 73}, @ = 0,1, (4.10)
Then
R\t =cfuctucucy,
where
i = {(tr i, 113) € R®: (up, p13) € DF, ity < Hpii (tp, 13)}, (4.11)
+ + +
Cri={(u, o, 113) € R3: (ug, 113) € Dy, g > 45 () 113)}
uYF
U {1, 12, 113) € R3: (i, p13) € D, g < Fpsi (z, 1)}, (4.12)
+ + +
Cri={( o 113) € R3: (up, 113) € DY, gy > 445 (U, 113)}
Yt
U {(1, 2, 113) € R3: (ua, p13) € D3, g < i (g, 1)}, (4.13)
5= {(ur, . 113) € R: (up, p13) € D7, 1y > Hpiz (g, 113) ) (4.14)

The sets Coi, Cli, Czi, C3i are disjoint unbounded connected components of R3\I'*,

Proof. By Lemma 5 the critical equation is linear in the remaining parameter, so (4.8) defines a graph
on each domain component. The inequalities (4.11)-(4.14) describe exactly the four connected components
of the complement.

PiE() = (1 F 8)[1205 (u3) F Ry (u3)] — 16Q7 (u3).

4.1. Discrete spectrum classification. We now determine the numbers of discrete eigenvalues of
H;;*(0) below and above the essential spectrum.

Theorem 1. For each choice of sign, the number of discrete eigenvalues of Hﬁ’s (0) ar the
corresponding side of the essential spectrum is determined as follows:

1. Fora € {0,1,2,3},

ne(H°(0) =a  peCT.
2. Fora € {0,1,2},

ny(Hy(0) =a, peTL

Proof. Fix a sign. The operator depends continuously on the parameters, so the eigenvalue count is
locally constant until an eigenvalue reaches the corresponding threshold. By Lemma 4 this can occur only
on the critical set; hence the count is constant on each connected component.

% = {u€eR% P (W) = 0}

The constant is found from a representative point of each component C; by the min-max principle

and (3.3), which gives
ni(H80) =a, peC;, a=0123

On a critical surface separating adjacent regions, variation of the corresponding coupling is a rank-
one monotone perturbation; one eigenvalue reaches the threshold while the others remain outside the
essential spectrum. Thus the count on the critical surface is one less than in the adjacent region with the
larger count.

n(HPFO)=a per, a=01.2

Conclusion. For the two-boson fiber Schrodinger operator on the two-dimensional lattice with on-

site, nearest-neighbor, and axial second nearest-neighbor interactions, we reduced the zero-quasi-

92



momentum spectral problem to a rank-three Fredholm determinant. Its threshold asymptotics yield the
critical parameter sets and their geometric decomposition.

These sets divide parameter space into connected regions on which the number of discrete
cigenvalues is constant. Combined with the min—max principle, this gives the complete classification of
eigenvalues below and above the essential spectrum.
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