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KELVIN-VOIGT MODELI ASOSIDA VISKOELASTIK TUTUVCHI PANJARANING
NOLINEAR TEBRANISH TAHLILI

Annotatsiya. Ushbu maqolada Kelvin-Voigt formulasi asosida modellashtirilgan viskoelastik tutu-
vehi panjaraning noodatiy tebranishi o ‘rganiladi. Ishda materialning damping xususiyati va geometrik
nolinearlik yengil kompozit karkaslarning dinamik bargarorligiga ganday ta’sir qilishi ko ‘rsatildi. Bosh-
qaruvchi tenglamalar Kelvin—Voigt konstitutiv qonunidan kelib chiqib hosil gilindi va vaqt bo ‘yicha model-
lashtirishga mos bo ‘Igan kamaytirilgan tartibli modelni olish uchun Galerkin usuli orgali soddalashtirildi.
Ragamli tahlil MATIL.AB dasturida bajarildi va viskozlik koeffitsiyentining tebranish amplitudasi, energiva
yo ‘golishi hamda flater chegaralariga ta sirini tekshirish magsadida COMSOL Multiphysics yordamida
tasdiqlandi. Natijalar shuni ko ‘rsatadiki, viskoelastik dampingning oshishi maksimal siljishni kamaytiradi
va flaterning boshlanishini, taxminan, 10—12 foizga kechiktiradi, shu bilan birga, har bir sikldagi energiya
yo ‘gotilishi gariyb 9 foizga ortadi. Model nolinear tizimlar uchun xos bo ‘lgan yumshash reaksiyasi va am-
plitudaga bog'liq qattiqlikni qayta tikladi hamda tajriba natijalari bilan solishtirganda o ‘rtacha og ‘ish 5
foizdan kam bo ‘ldi. Ushbu topilmalar Kelvin—Voigt modelining viskoelastik panjara tuzilmalaridagi mu-
rakkab tebranish xatti-harakatlarini bashorat qilishda samarali ekanini tasdiglaydi va ilg ‘or kompozit ti-
zimlarda damping va barqarorlikni yanada optimallashtirish uchun asos yaratadi.

Kalit so‘zlar: viskoelastiklik, Kelvin—Voigt modeli, noodatiy tebranish, geometrik nolinearlik, Galer-
kin usuli, dinamik barqarorlik, flater chegarasi.
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HEJWHEWHBIN AHAJIN3 KOJEBAHUN BS3KOYITPYT'OM ITOJJIEPKUBAIOIEM
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Annomauus. B oannoii pabome ucciedyemes aHOMAIbHASA 6UBPAYUA 8A3KOYNPY20Ti NOONOPHOT pa-
Mbl, CMOOeNUPOBAHHAL HA OCHOBe opmyavl Kenveuna—Dotiema. B cmambe noxasamo, kax 0emnupyio-
wue Ce0CMea MAmepuana u 2eoMempuU4ecKas HeaUHeHOCb GIUSIOM HA OUHAMUYECKYIO YCIOUYUE0CHIb
JIESKUX KOMNOZUMHBIX pam. Ynpaensaoujue YpasHeHus vigeoeHvl u3 onpeoesioweco saxona Kenveuna—
Doiiema u ynpoujernvl ¢ NoMowwbto Memooa I anepruna 0na noayueHus Mooein NOHUNCEHHO20 NOPAOKd,
nooxooaueti 0 HeCMAaYUOHAPHO20 MoOoeauposanus. Hucnennovlii ananus evinoanern 6 MATLAB u npoee-
pen ¢ nomowvio COMSOL Multiphysics 0na uzyuenus emuanus Ko3QQuyuenma éa3k0Cmu Ha AMIIAUmyoy
Konebanuti, ouccunayuio snepeuu u npedeivt Gaammepa. Pesynomamol NOKA36IEAIOM, YMO YEeAUYEHUE
BA3KOYNPY2020 OeMIPUPOBAHUSI CHUIICACT MAKCUMATBHOE CMEUEHUE 1l 3A0ePAHCUBCI HAYANO0 (aammepa
npumepro va 10—12%, 00Ho8peMeHHO Y8eauuueas OUCCUNAYUIO SHEP2UU 30 YUK NpumepHo Ha 9%. Modenn
60CHPOU3BENA MUNUHHBIT OMKIUK OeMIPUPOSAHUA 1 AMIIUMYOHO-3AGUCUMYIO HCECKOCHIL HEAUHETIHBIX
cucmemM, a cpeonee OMKIOHEHUE O CPAGHEHUIO C IKCHEPUMEHIMATbHBIMU PE3YTbMAMAMU COCHAGUNIO MEH-
ee 5%. Smu pe3yromamol NOOmMeepHcoaom s¢hdexmuenocms modenu Kenveuna-Doiiema 6 npocHosupo-
BAHUY CTONCHO2O KONCOAMENbHOCO NOGEOCHUS 8 GAZKOYNPYEUX DeUemyamblx CIMPYKMYpax u odecnevuea-
10M OCHOBY 0151 OdNbHeluel] OnMUMU3ayUY 0eMnOUPOBAHUS U YCOTHUBOCTI 6 COBPEMEHHBIX KOMNO3UNI-
HBIX CUCTIEMAX.

Knrwuessie cnosa: easkoynpyzocmo, modenv Kenvsuna—@Doiiema, HeoObiuHas 8uOpayus, 2eomempu-
yeckas HeauHelUHoCcHb, Memoo I anepruna, Ounamuyeckdas yemou4ueocms, npeoen aammepd.
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NONLINEAR VIBRATION ANALYSIS OF A VISCOELASTIC RETAINING LATTICE WITH
THE KELVIN - VOIGT MODEL

Annotation. This paper presents a nonlinear vibration study of a viscoelastic retaining lattice
modeled through the Kelvin-Voigt formulation. The work focuses on how material damping and geometric
nonlinearity influence the dynamic stability of lightweight composite frameworks used in aerospace and
mechanical applications. The governing equations were derived from the Kelvin—Voigt constitutive law and
simplified through the Galerkin method to obtain a reduced-order model suitable for time-domain
simulation. Numerical analysis was performed in MATLAB and verified using COMSOL Multiphysics to
examine the influence of the viscosity coefficient on vibration amplitude, energy dissipation, and flutter
boundaries. The results show that higher viscoelastic damping reduces peak displacement and delays flutter
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onset by roughly 10-12%, while the energy loss per cycle increases by nearly 9%. The model reproduced
the observed sofiening response and amplitude-dependent stiffness typical of nonlinear systems, with an
average deviation of less than 5% relative to experimental benchmarks. These findings confirm the
effectiveness of the Kelvin-Voigt model for predicting complex vibration behavior in viscoelastic lattice
structures and provide a framework for further optimization of damping and stability in advanced
composite systems.

Keywords: viscoelasticity, Kelvin—Voigt model, unusual vibration, geometric nonlinearity, Galerkin
method, dynamic stability, flutter limit.

Kirish (Introduction). Viskoelastik panjara va panel tuzilmalarida nolinear tebranishlarni o‘rganish
zamonaviy muhandislik va acrokosmik sohalarda tobora muhim ahamiyat kasb etmogda. Samolyot ganot-
lari, yoyiluvchi panellar va energiya yutuvchi yengil panjara konstruksiyalari vaqt o‘tishi bilan, bargaror
golishi uchun yuqori qattiglik va yetarli darajadagi damping talab etiladi. Viskoelastik materiallarda tebra-
nish energiyasining so‘nishi ulaming kuchni yutish qobilivatidan kelib chigadi, bu esa shovqin, charchoq
va konstruksiyaning ishdan chiqish xavfini kamaytiradi [1].

Dinamik yoki acroelastik yuklama ostida bunday tizimlar, ko‘pincha, amplitudaga bog‘liq gattiqlik,
bifurkatsiyalar va limit sikllari bilan tavsiflanadigan nolinear xatti-harakat namoyon qiladi. Bunday jara-
yonlami to‘g‘ri bashorat qilish uchun vaqtga bog‘liq holda, geometrik va material nolinearliklarni hisobga
olish zarur. So‘nggi o°n yillik davomida Kelvin—Voigt viskoelastik modeli bu turdagi tahlil uchun eng keng
go‘llanilgan yondashuv bo‘lib kelmogda [2]. Ushbu modelda kuchlanish elastik va viskoz gismlarning yi-
g indisi sifatida ifodalanadi, shu orqali modellashtirishda qattiglik ham, energiya so‘nishi ham aks ettiriladi.
Model o‘rta chastotalar va kichik deformatsiyalarda yaxshi ishlaydi, biroq katta amplitudali harakatlarda
faza burchagi va xotira effekti sezilarli bo‘lganda to°g‘ri javobni bera olmaydi [1].

Bu cheklovlarni bartaraf etish uchun fraksion Kelvin—Voigt modeli va Prony-qatorli Maksvell mo-
deli kabi umumlashtirilgan yoki gibrid yondashuvlar ishlab chiqgilgan [3]. Ular kompozit polimerlarda ichki
dampingning chastotaga bog‘ligligini aniqroq tavsiflaydi. So‘nggi villarda viskoelastik modellami nolinear
dinamik va aeroelastik simulyatsiyalar bilan integratsiyalashga ¢’tibor oshdi [4] ogohlantirishga asoslangan
CFD va hisoblash strukturaviy dinamikasi (CSD) juftlashuvi orqali moslashuvchan panel va qanotning fla-
teri (FLO) va limit siklli tebranishlarini (LCO) o‘rgandi. Ushbu sharhda viskoelastik dampingning acroelas-
tik tizimlarda barqarorlik hududlariga sezilarli ta’sir ko rsatishi ta’kidlangan. Serrad;j [5] ko‘p kamerali pan-
jarali panellarni CFD yordamida o‘rgandi va damping beqarorlik boshlanishini taxminan 12 foizga kechik-
tirishi mumkinligini ko‘rsatdi. Shunga qaramay, mavjud tadqiqotlarning aksariyati hali ham geometrik
bog‘lanish va chastotaga bog‘liq dampingni ¢ tibordan chetda qoldiradigan chiziglashtirilgan taxminlardan
foydalanadi. Bu aynigsa yupga devorli kompozit va panjara tuzilmalarida yuqori dampingli ko‘p diapazonli
qo‘zg‘alishlarda muhim hisoblanadi. Eksperimental tadqigotlar ham modelni tekshirishda muhim rol o°y-
namoqda. NDT va DIC texnikalarining birgalikda qo‘llanishi mahalliy deformatsiyalarni kuzatish orqali
parametrlarni aniqlashni vaxshiladi [2]. Birog Kelvin—Voigt modeli parametrlarini tajriba natijalari bilan
bog‘lash ko‘p chastotali va termal ta’sirlarni hisobga oluvchi teskari yechimlarni talab qgiladi. Aynigsa, ha-
roratning o‘zgarishi elastik va viskoz modullarga sezilarli ta’sir ko‘rsatadi va aniq kalibrlashni murakkab-
lashtiradi [1], [2]. Shu sababli materialning ko‘p darajali xatti-harakati, acrodinamik bog‘lanish va hisob-
lash samaradorligini birlashtirgan nolinear viskoelastik tebranish modellarini ishlab chigishga umumiy in-
tilish mavjud. Reduced Order Modeling (ROM) va Galerkin asosidagi yondashuvlar bu yo‘nalishda istig-
bolli hisoblanadi. Biroq Kelvin—Voigt xususiyatlari, geometrik nolinearlik va acroelastik qo‘zg*alishni pan-
jara tipidagi tuzilmalar uchun birgalikda hisobga oluvchi umumiy modellar hagidagi adabiyotlar juda kam.

Ushbu tadgiqgot ana shu bo‘shligni to‘ldirishni magsad giladi. Mazkur ishda Kelvin—Voigt modeli
asosida viskoelastik tutuvchi panjara uchun nolinear tebranish modeli ishlab chiqildi va tajriba orgali tas-
diglandi. Tadqiqotning yangiligi energiva so ‘nishi va nolinear qattiqlikni bir matematik formulada birlash-
tirishida namoyon bo‘ladi. Bu yondashuv ilg‘or kompozit panjaralarda barqarorlik va energiya yutish me-
xanizmlarini chuqurroq tushunishga yordam beradi.

Mavzuga oid adabiyotlarning tahlili (Literature review). Viskoelastik tizimlarning xatti-haraka-
tini va ularning tebranish hamda acroelastiklikni boshqarishda qo‘llanishini o‘rganish bo‘yicha ko‘plab
tadgiqotlar olib borilgan. Hilton (2010) Kelvin—Voigt modeliga asoslangan murakkab tuzilmalar uchun
analitik model taklif gilgan va elastik—viskoz elementlarning parallel ulangan shakli kichik amplitudali gis-
terezis dampingini yaxshi aks ettirishini, biroq faza kechikishi yoki xotira effektlari sabab katta deformatsi-
yalarda noto ‘g ‘ri natija berishini ko ‘rsatgan [ 2] kompozit materiallar uchun NDT va DIC metodlarini ko‘rib
chiqib, harorat va chastota kabi turli sharoitlarda kompozitlaming imkoniyatlarini baholagan, biroq ular-
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ning ¢’tibori asosan kvazistatik javoblarga qaratilgan. Merrett [2] moslashuvchan ganot va pancllardagi fla-
ter va LCO bo‘yicha keng gamrovli adabiyot sharhini tagdim etgan. CFD va CSD modellarining integrat-
sivasi orqali viskoelastik damping acroelastik beqarorlikni 10-20 foizga kechiktirishi aniglangan, ammo
haroratga bog‘liq yumshash hisobga olinmagan. Feilizadeh va boshqalar Galerkin usuli yordamida para-
metrik rezonans va modalararo bog‘lanishni aniglagan, biroq viskoz ta’sirlami ¢’tiborga olmagan. Ushbu
tadqgiqotlarni davom ettirib, CFD hisoblashlari yordamida panjara geometriyasini optimallashtirgan va
dampingni 0,05 dan 0,10 Pa-s gacha oshirish amplitudani, taxminan, 14 foizga kamaytirishini, material pa-
rametrlari o‘zgarmas deb faraz gilganda, ko‘rsatgan. Ikki-theta ROM texnikalari yaqinda aerokosmik qa-
notlar uchun hibrid CFD-ROM modellariga asoslangan holda ishlab chiqgilgan (Development of Methodo-
logies for Aeroelastic Analysis, 2019). Bu yondashuv acrodinamik yuklami Kelvin—Voigt damping modeli
bilan birlashtirgan, ammo material parametrlarining adaptiv o°zgarishini hisobga olmagan. Umuman ol-
ganda, ushbu tadqiqotlar bir nechta umumiy tendensiyalarni ko‘rsatadi. Kelvin—Voigt modeli ishonchli
boshlang‘ich yondashuv hisoblanadi. ROM yoki Galerkin asosidagi proeksiyalar hisoblash yukini sezilarli
kamaytiradi. NDT metodlari parametrlarni aniglashda yuqori aniglik beradi.

Shu bilan birga, muhim muammolar saglanib qolmoqda. Aksariyat modellar chastotaga bog‘liq faza
kechikishi, geometrik nolinearlik yoki acroviskoelastik o°zaro ta’sirlarni hisobga olmaydi. Eksperimental
tasdiglar kichik masshtabda bajarilgan va kam sonli ishlar konstitutiv xatti-harakatni tizim darajasidagi bar-
qarorlik bilan bog‘lay olgan.

Tadqiqot metodologiyasi (Research Methodology). Ushbu bo‘limda viskoelastik materiallardan
tayyorlangan tutuvchi panjaraning nolinear dinamikasini modellashtirish uchun analitik-ragamli yonda-
shuv qo‘llanildi. Panjara elementlari Kelvin—Voigt konstitutiv modeli asosida ifodalanadi:

o(t) = Ee(t) + néd), g}
bu yerda: E — elastiklik moduli, n — tebranish damping koeffitsiyenti, &(t) esa deformatsiya. Ushbu
tenglama elastik va damping hissalarining qo‘shma ta’sirini beradi.

Tizimning harakati quyidagi nolinear differensial tenglama bilan boshqariladi:

mx + cx + kx + ax® = F(b), )
bu yerda: m — massa, ¢ — damping, k — qattiglik, ax® — geometrik nolinearlik hadi.

Boshgaruvchi PDElar Galerkin usuli yordamida modal koordinatalarga o‘tkazilib, kamaytirilgan tar-
tibli model (ROM) hosil qgilindi. Ragamli integratsiva MATLABdagi ODE45 yechimchisidan foyangan
holda bajarildi va kuchlanish—deformatsiya tagsimotlari COMSOL Multiphysics orqali tasdiglandi. Mate-
rial parametrlari kompozit panjara tuzilmalariga oid manbalardan olindi[4].

Tadqiqot quyidagi bosqichlarda olib borildi:

— modelni aniglash: geometriya, chegaraviy shartlar va material konstantalarini tanlash;

—tenglamalarni hosil gilish: Kelvin—Voigt munosabatlariga asoslangan harakat tenglamalarini chiga-
rish;

— modelni gisqartirish: Galerkin va ROM usullarini qo‘llash;

— simulatsiya: o‘tkinchi va chastotaviy javoblami olish uchun ragamli integratsiya;

— tasdiglash: analitik va eksperimental ma’lumotlar bilan solishtirish;

— natijalarni qayta ishlash: amplituda, damping nisbati va barqarorlik xaritalarini tahlil qilish.

Ushbu metod jismoniy mazmunni yo‘qotmagan holda hisoblash samaradorligini oshiradi. Kelvin—
Voigt modeli vaqt bo‘yicha bargaror yechim beradi, ROM ¢sa nolinear effektlarni kichik hisoblash xarajati
bilan ushlaydi. Aerodinamik qo‘zg‘alishlar uchun Merrett yondashuviga asoslangan CFD yuklari qo*shim-
cha ravishda integratsiya qilinib, flaterni bostirish va acroelastik dampingni baholash imkonini berdi.

Tahlil va natijalar (Analysis and results). Simulyatsiyalar 0,02 dan 0,10 Pa-s gacha bo‘lgan dam-
ping koeffitsientlari uchun garmonik yuklama ostida bajarildi. Damping ortishi bilan tebranish amplitudasi
kamaydi va energiya vutilishi yaxshilandi. Viskozlik 0,05 dan 0,10 Pa's gacha ikki baravar oshirilganda
maksimal siljish, taxminan, 14 foizga kamaydi, ammo har bir sikldagi energiya yo‘qotilishi qariyb 9 foizga
oshdi.

Bu natija Serradj (2022) va Hilton (2010) tomonidan ko‘rsatilgan viskoelastik damping panjara tuzil-
malarini samarali barqarorlashtirishini tasdiglaydi. Amplituda—chastota javobida yumshovchi nolinearlik
kuzatildi va qo‘zg‘alish amplitudasi ortishi rezonans cho‘qqisining past chastotalarga siljishiga olib keldi.
Rezonansga yaqin hududda ko‘p rejimli tebranishlar va Duffing tipidagi gisterezis kuzatildi. Viskoelastik
damping kiritilishi gisterezis zonasini toraytirdi, bu esa amplitudalar almashinuvini silliglashtirdi va tebra-
nish barqarorligini oshirdi.
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NOMUKAMMAL ELASTIK STERJENNING PARAMETRIK TASODIFIY TEBRANISHLARI
USTUVORLIK SHARTLARINI ANIQLASH

Annotatsiva. Ushbu ishda nomukammal elastik sterjenning tasodifiy parametrik tebranishlari ustu-
vorligini tekshirish masalasi garalgan. Ustuvorlik shartlari sistema parametrlari va o ‘zgaruvchilariga
bog ‘lig holda analitik ko ‘rinishda aniglangan. Ito usulidan foydalanib, xarakteristik tenglama aniglanib,
ustuvorlik shartlari olingan.

Kalit so‘zlar: nomukammal elastik, sterjen, gisterezis, parametrik tasodifiy tebranish, o ‘rtalashti-
rish, ustuvorlik sharti.
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OIPEJEJEHUE YCJIOBUIN YCTOMUNBOCTU NAPAMETPUUECKUX CAYYANHbBIX
KOJEBAHUI HECOBEPUIEHHO YIIPYT'OI'O CTEPKHSA

Annomauus. B smoii pabome paccmompend 3a0aqa uccaedo8ans yCmoiuuueocmu napame mpuiec-
KUX CAYYAUHBIX KOAeOAHUT HeCOB8ePULeHHO YNpYeo20 CMEPIHCHA. Yciosue yCmouuueocmy OnpeoeieHo 8
AHATUMUYECKOM 8UOE 8 3A6UCUMOCHI OM napamempos 1 nepemerusix cucmemovl. C nomowbo memooa
Hmo onpeodeneno xapaxmepucmuieckoe YpasHeHue 1 NOLyYeHbl YCA08US YCMOTHUGOCHIIL.
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DETERMINATION OF STABILITY CONDITIONS FOR RANDOM PARAMETRIC
VIBRATIONS OF AN IMPERFECT ELASTIC BEAM

Annotation. This work addresses the problem of investigating the stability of randomly paramet-
rically excited vibrations of an imperfect elastic beam. The stability conditions are determined analytically,
depending on the system parameters and variables. Using Ifo's method, the characteristic equation is
derived, and the stability conditions are obtained.

Keywords: imperfect elastic, beam, hysteresis, randomly parametrically excited vibrations, avera-
ging, stability condition.

Kirish. Mexanik sistemalar elementlari materiallaridagi chiziglimas dissipativ xarakteristikalarini
hisobga olgan holda, ularning tebranishlari va harakatlari ustuvorligini tekshirish muhim hisoblanadi.
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