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MMOPOT'OBBIE ACUMIITOTHKH COBCTBEHHBIX 3HAUEHUI IBYXYACTUYHOI'O
JUCKPETHOI'O OITEPATOPA IIPEAUHTEPA HA TPEXMEPHOM PEHIETKE

Annomayus. B cmamve paccmampueaemcs gubep-onepamop H, ,,(0) osyxuacmuunoeo ouc-

kpemmuozo onepamopa Ilpéounzepa na peuwémxe T2 6 KOOPOUHAMHO-AHIMUCUMMEMPULHOM UHEAPUAHM-
HOM noonpocmpancmee. B amom noonpocmpancmee 00HOY3eIbHOe 63AUMOOTICMEIe 1 CUMMEMPUYECKUe
KOMNOHEHMbL 83AUMOOCTICMEUs OauMcaiiuux coceoeli He OarOm 6KIA0d, NOIMOMY PeOVYUPOSAHHBIT One-
PAmop s615emes 6O3MYUeHUeM PAHA OOUH, 3AGUCTUFUM MOTLKO O Uy. C nomowysio ypasnenus Jlunnvia-
na—Illeunzcepa 3a0aua o cobcmeennbix 3nadeHusx ene cyujecmeenno2o cnexkmpa [0,24] ceooumes k cxan-
aprHomy onpedeaumento @pedzonvma. Ilonyuenvl HeobxoOuMble 1 OOCHMAMOYHBIE YCA08UA CYULeCMBOBAN
UBOTUPOSAHHBIX COOCMEEHHBIX 3HAYEHU, KPUMUYECKUe KOHCMAHMbL CEA3U U JUHeliHble NOPO208ble
ACUMNINOMUKY.

Knroueswie cnosa: osyxuacmuunolii Ouckpemusiii onepamop ILlIpéounzepa, 1yneeoil keasuuMnync,
KOOPOUHAMHO-AHIMUCUMMEMPUYHOE NOONPOCHPAHCIMEO, CYUeCmeeH bl cnexmp, onpederumens ®Ppeo-
2071bMA, NOPO2OBASL ACUMIHIOMUKA.

1. Introduction. Two-particle discrete Schrodinger operators on lattices are a basic class of models
in the spectral theory of finite-particle quantum systems. In lattice models the compactness of the Brillouin
zone and the band structure of the free dispersion allow one to analyze threshold effects, bound states and
parameter-dependent changes in the discrete spectrum with high precision; see, for example, [1-10].

We consider the zero-quasimomentum fiber of a two-particle lattice Hamiltonian on Z3 with on-
site and nearest-neighbor interactions. The essential spectrum of this fiber is the interval [0,24]. The zero-
quasimomentum operator admits invariant subspaces generated by permutation symmetries of the relative
momentum variables. The present paper focuses on the coordinate-antisymmetric subspace

L2#%12(T%) = {f € L**(T°): f(p1, P2, p3) = —f (P2, P, P3)}

The main reason for studying this subspace is that the generator ¢(p) = cosp; — cosp, vanishes at
both threshold points (0,0,0) and (7, 7, w). This cancellation removes the leading square-root singularity
which appears in the fully symmetric subspace. As a result, the eigenvalue branches have a linear leading
term with respect to the deviation of the coupling constant from its critical value. The aim of the paper is
to isolate this mechanism and give a complete one-parameter description of the isolated eigenvalues near
both edges of the essential spectrum.

The structure of the paper is as follows. Section 2 introduces the zero-quasimomentum fiber and its
reduction in the coordinate-antisymmetric subspace. Section 3 derives the Lippmann—-Schwinger
determinant and gives the eigenvalue count. Section 4 proves the criticality and threshold asymptotic
formulas. Section 5 contains the conclusion.

2. Model and reduction to the coordinate-antisymmetric subspace. Let T2 be the three-dimen-
sional torus (Brillouin zone) and let L*¢(T?) denote the Hilbert space of even square-integrable functions.
After the Fourier transform and the Floquet-Bloch decomposition, the two-particle Hamiltonian is
represented as the direct integral of fiber operators

@
HH1H2 = I]F HH1H2 (K) dK,

where
HH1H2 (K) = Ho(K) + Vlvl
Here Hy(K) is the multiplication operator by
3

_ K 3
Ex(p) =4 1—cos7cospj , p € T?,
j=1

and the finite-rank perturbation is

1M2°
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3
Vo, S) @) =%L3f @ dq+%jzlcosm LSCosqu(q) dq.

Since V,

i1 1, 18 finite-rank, Weyl’s theorem implies

Oess (Hyy, (K) ) = 0(Ho (K)) = [Emin (K, Emax (K],

In particular, for K = 0,
Eo(p) = 4(3 — cosp; — cosp, — cosps), Oess (HMM2 (0)) = [0,24].
Let S5 be the group of permutations of (p1, p2, p3). Since both €y and V), ,, are invariant under these
permutations, the corresponding orthogonal symmetry subspaces reduce H,,, ,, (0). In particular,

Lz,e (T3) — Lz,e,s(']r3) @ Lz,e,a12 (T3) @ Lz,e,mix(']r3),

and
Hyy 11, (0) = Hii, i, (0) @ Hy,}* (0) © Hi™ (0).

Define
COSp; — COSP,

a12
a;"*(p) =
3 V8m3
This function belongs to L#¢%2(T?) and Il a3*? |= 1. For every f € L**%12(T®), one has
VoS = Vi " f = pa(f 057 ) a3
Indeed, the integral of f is zero by antisymmetry, and the cosine moments satisfy

[ cosasr@da =~ [ cosqrf@dg, | cosarf@rda=o

T T
Consequently, in  this coordinate-antisymmetric  subspace, only the component

generated by a’; 2 contributes to the perturbation.
Thus the reduced Hamiltonian is
H;lez (0) = Hy(0) + ,uz(-, a’;“)ag“.
This operator is independent of the on-site coupling p;. Moreover,
Oess (H;jzlz (0)) = [0;24‘]-
3. Lippmann—schwinger determinant and eigenvalue count. For a complex number z outside the
interval [0,24] define

&P -z T T &0 -2
The Lippmann-Schwinger equation reduces the eigenvalue problem for H;lez (0) outside [0,24] to
the scalar equation

o) — L (a;m (P))z 1 (cosp, — cosp,)? p

4322 (2) = 1+ ppa(z) = 0.
Therefore zeros of AZ;Z in (—o0,0) U (24, o) are exactly isolated eigenvalues of Hﬁzlz (0), counted
with multiplicity.
The following propertics of a(z) are used below. The function a is analytic outside the interval
[0,24], real-valued on the real gaps, and strictly increasing on both (—o, 0) and (24, «). Moreover,

lim a(z) =0, lim a(z) =a(0) >0,
Z—>—00 z<0,z-0

and
Z>2£1,r;1_>24a(z) = —a(0), Zl_l)I;nooa(z) =0.

The first-order threshold expansions are
a(z) = a(0) — ad'(0)(—2) + 0((—2)?), z2<0,z-0,
and
a(z) = —a(0) + d’(0)(z — 24) + 0((z — 24)?), z> 24, z - 24,
where

2(0) = 1 f (cosp; — cosp,)?
T3

3 2
Bm (50 (P))
These expansions follow from the local relations

dp > 0.
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2 4 1 2 2 4
€o) =2[pI" + 0(pl"),  cosp, —cosp; = == (pi —p3) + O(Ip[")
near p = 0, and from the substitution p = (1, 7, ) + q near the upper threshold. Hence the quotient
(cosp; — cosp,)?

(5 0 (P)) :
is locally bounded at the threshold point, so the derivative a’(0) is finite.
Put

1

Hiow = m, nuup - m

Theorem 3.1. The following assertions hold.

() If ty = pyow. then H;lez (0) has no eigenvalues in (—o0,0). If 1, < fow. then it has a unique
cigenvalue Ejoy (4y) € (—0,0).

()If py < pyp, then H;lez (0) has no eigenvalues in (24, 0). If p; > pp, then it has a unique
eigenvalue Eyp(¢2) € (24, ).

Proof. Since a is strictly increasing, it maps (—o0,0) onto (0, a(O)) and (24, ) onto (—a(0),0).
The equation 1 + p,a(z) = 0 therefore has exactly one solution in (—o0, 0) iff y, < —1/a(0), and exactly
one solution in (24, o) iff u, > 1/a(0). This proves the theorem. [J

4. Threshold eigenvalues and asymptotics. At the critical coupling constants, the threshold points
are genuine L%-eigenvalues. For fi; = o, an eigenfunction corresponding to the lower threshold 0 is

a3 (p)
(p) =— -
Volp Eo(p)
For p, = pyp, an eigenfunction corresponding to the upper threshold 24 is

_a?(p)
Yau(p) = Zo(p) — 28

Indeed, near p = 0 one has a3 '?(p) = 0(|p|?) and E,(p) = O(|p|?); hence Y, is locally bounded.
The same argument at (77, 77, ) gives Y, € L?(T*). Moreover,

(HO(O) + .ulow('; aglz)aglz)ll’o =0,

and
(Ho(o) + Hup (‘» a?“)d?“)wu = 244.
Thus pow and pyp are respectively the unique lower- and upper-critical coupling constants.
The main asymptotic result is as follows.
Theorem 4.1. Let E,, (14, ) and E,, (t2) be the eigenvalues described in Theorem 3.1. Then

Elow(.uz) =0 (.“2 - nulow) + 0(.“2 - nulow)J Ho < tiows M2 = Hiows

and
Eup(.uz) =24+ C1(.U2 - .uup) + 0(.“2 - .Uup); My > .Uup; Hy = .Uup;
where
a*(0)
=——=>0.
5 a/(o)

Proof. We prove the lower-edge case. Let ty < pow be close to poy and put

:B = _Elow(.uz) > 0.
The determinant equation becomes

F~(uz, B) : = A% (=) = 0.
Using the expansion of a(z) at 0,
F~(uz,B) = 1+ p2a(0) — pa’(0) 5 + 0(B?).
Since piow = —1/a(0),

B or~ , a'(0)
F~ (low,0) = 0, W(#low; 0) = —thowa'(0) = a(0) > 0.
The implicit function theorem gives
a?(0)

Buz) = ) (U2 = tiow) + 0(uz — tiow).
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