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UNSTATIONARY FLOW OF MAXWELLIAN FLUID IN A CYLINDRICAL PIPE:

ANALYTICAL SOLUTION

Annotation. This study addresses the analytical problem of the unsteady flow of a rheologically
complex fluid, specifically a Maxwellian fluid, within a cylindrical pipe under the influence of a constant
pressure gradient. While stationary and oscillatory flows have been extensively studied, the transition
processes in unsteady flows—where the fluid shifis from rest fto a specific motion state—require deeper
analytical exploration. This research aims to fill the scientific gap in theoretical models for non-stationary
processes, which is vital for applications in biomedical engineering and hydraulic reliability.

Keywords: Maxwell’s fluid, unsteady flow, cylindrical pipe, Laplace—Carson transform, Bessel
functions, relaxation time, Poiseuille flow.

SILINDRSIMON QUVURDA MAKSVEL SUYUQLIGINING NOSTATSIONAR OQIMI:
ANALITIK YECHIM

Annotatsiva. Ushbu tadgiqot reologik jihatdan murakkab suyuqlik, xususan, Maxwell fluidning doi-
miy bosim gradienti ta sirida silindrsimon quvur ichidagi nostatsionar oqimining analitik masalasini ko ‘rib
chigadi. Statsionar va tebranishli ogimlar yetarlicha o ‘rganilgan bo ‘Isa-da, nostatsionar ogimlarda, ya 'ni
suyuqlikning tinch holatdan ma’lum harakat holatiga o ‘tish jarayonlari chuqurrog analitik tahlilni talab
etadi. Mazkur tadqiqot nostatsionar jarayonlar uchun nazariy modellar sohasidagi ilmiy bo ‘shligni to ‘Idi-
rishga qaratilgan bo‘lib, bu yo ‘nalish biotibbiyot muhandisligi hamda gidraviik tizimlar ishonchliligi
uchun muhim ahamiyat kasb etadi.

Kalit so‘zlar: Maksvel suyuqligi, nostatsionar ogim, silindrsimon quvur, Laplace—Carson transform,
Bessel functions, relaksatsiya vaqti, Poiseuille flow.

HECTAIIMOHAPHOE TEYEHHUE MAKCBEJLUIOBCKOM )KUJIKOCTHU B
OUJINHIPUYECKON TPYBE: AHAJIMTUYECKOE PEIIEHUE

Annomayus. B oannoii pabome paccmampueaemcs aHAIUMU4ecKkas 3a0a4d HecmayuoHapHO20
meyeHUus peosio2UYecKl CLOHCHOT acuokocmu, ¢ yacmuocmu, Maxwell fluid — 6 yununopuuecxoii mpyoée
100 Oeticmeuem NOCMOIHHO20 epaduenma oagrenus. Hecmomps Ha mo, umo cmayuoHapHsie u Koieba-
menbHble meyeHus 0vLil NOOPOOHO UCCIe008AHDI, NEPEXOOHbIE NPOYECChl 8 HECHAYUOHAPHBIX PEHCUMAX,
K020d HCUOKOCHb Nepexooum 13 COCMOIHUSA NOKOS K ONPeOelEéHHOMY PeXCUMy 08UdCeHUs, mpebyrom 60-
Jniee 2nyboko2o ananumuyecko2o ananusd. Hacmoswee uccneooeanue HanpaeieHo Ha 60OCNOIHEHUE HAYY-
HO20 npobena 6 06nacmu meopemu4eckux Mooeeil HeCMAayUOHAPHBIX NPOYECCos, YMO UMeem BAHCHOE
3HAueHue 018 DUOMeOUYUHCKOT UHIHCEHePUl 1 0DeCneyeHUs HAOEHCHOCU SUOPAGTIUYECKIUX CUCIEM.

Knrouesvie co6a: maxceennogekas HeuOKOCms, HeCMAYUOHAPHOe meyeHue, YUIUHOPUYeCKAs mpy-
oa, Laplace—Carson transform, Bessel functions, epemsa peraxcayuu, Poiseuille flow.

Introduction. The study of unsteady fluid flows is a fundamental aspect of modern fluid mechanics,
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particularly when dealing with transitions between different states of motion. Unlike stationary flows,
which remain constant over time, or oscillatory flows, which follow periodic functions, unsteady flows
involve complex temporal changes that occur during the transition of a fluid from one state to another.
Understanding these transitions is crucial for ensuring the reliability and efficiency of various hydraulic
and technical systems. Historically, significant research has been conducted on the unsteady flow of
Newtonian fluids in channels and pipes. Early experimental work, such as that by Richardson (1929),
revealed that velocity profiles in oscillatory motion differ fundamentally from the classical stationary
Poiseuille flow. Later, Womersley (1955) applied these concepts to biomechanics, modeling blood as a
Newtonian fluid to study the circulatory system. Today, modeling blood and other biological fluids as
viscous media is essential for medical diagnostics and the optimization of drug delivery systems. However,
many real-world fluids, particularly in biomedical engineering and microfluidics, exhibit rheologically
complex behavior that cannot be fully described by the Newtonian model. In devices such as microfluidic
chips and pneumatic micropumps, hydrodynamic processes are often interpreted as laminar pulsating flows
where the presence of an elasticity component significantly alters flow dynamics. Despite their importance,
theoretical and mathematical models for non-stationary processes in such systems remain insufficiently
developed, with existing research often limited to empirical results. The Maxwell model is one of the most
effective frameworks for capturing the dual viscous and elastic nature of such fluids. The inclusion of a
relaxation parameter in this model ensures that transient characteristics are qualitatively different from
classical solutions.

Literature review. This paper aims to bridge the existing scientific gap by providing a detailed
analytical solution for the unsteady flow of a Maxwellian fluid in a cylindrical pipe under a constant
pressure gradient. Using the Laplace—Carson transformation, we investigate the influence of relaxation
processes on velocity distribution, providing a theoretical foundation for the analysis of rheologically
complex media in transition states. It can be noted that many scientific and practical studies have been
conducted by domestic and foreign scientists on the issues of oscillatory and unsteady flows of Newtonian
fluids in channels and pipes. In particular, in the research works [1,2], the unsteady and stationary
oscillatory flows of viscous fluids in channels and pipes were sufficiently studied. For the first time, the
characteristic features of the velocity profiles in the oscillatory flow of viscous fluids in cylindrical pipes
were presented in the form of experimental results in the work [3]. In particular, it was found that the
velocity distribution profile in the oscillatory flow is fundamentally different from the velocity distribution
profile in the stationary Poiseuille flow. Later, such studies were carried out by Womersley [4] in his
scientific research works on the oscillatory flow of viscous fluids, considering blood as a Newtonian fluid
and applying it to the circulatory system of biomechanics.

The study of the dynamics of laminar, unsteady and oscillatory motion of blood by modeling it as a
viscous fluid is a crucial methodological factor in the diagnosis of the vital activity of the human body from
amechanical point of view and in the optimization of drug delivery systems [5-6]. The practical significance
of these studies is especially evident in improving the efficiency of microfluidic chips and pneumatic
micropumps used in biomedical engineering [6,7]. The hydrodynamic processes in these devices are mainly
interpreted as laminar pulsating flows in prismatic microchannels with a rectangular cross section.

In this section, a mathematical model describing the unsteady flow of a rheologically complex fluid
in a cylindrical pipe, obeying the Maxwell model, is formulated. The following geometric and
hydrodynamic assumptions are made in modeling the problem:

Coordinate system: Using a cylindrical coordinate system, Z we direct the axis along the pipe axis,
and the radius 7 We define it through.

Geometric dimensions: Pipe radius R The ratio of the pipe length to its radius is large enough
(L ? R) Since the edge effects at the inlet and outlet of the flow and the transverse components of the

Velocity(vr =0,v,= 0) is not taken into account.
Flow characteristics: The flow is considered one-dimensional and unsteady, and the velocity field
depends only on the radial coordinate and time:V = V(I”,l )Under these conditions, the system of

differential equations describing the unsteady motion of a rheologically complex fluid in a cylindrical pipe
is expressed in a simplified form as follows:
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Here:

L — liquid density;

P —hydrodynamic pressure;

T — test voltage;

0 - relaxation time of the liquid;

0 0 . . . L . .
7, , i, — Newtonian fluid tensile stress and dynamic viscosity coefficient;

T g s ,ug — Maxwell fluid shear stress and dynamic viscosity coefficient;

[ - time;

¥ — radial coordinate.

To solve this system of equations (1), it is necessary to formulate initial and boundary conditions.
The initial time? = O At the moment the fluid is considered to be at rest throughout the entire pipe section
[8, 9]. In this case, the velocity and shear stresses are assumed to be zero:

0
t=0 oa v =0, L-o @
ox
At positive values of time, the motion occurs under the influence of a constant pressure gradient, the
boundary conditions for this case are defined as follows [10,11]:
e Viscosity condition: On the pipe wall. (I’ = R) The fluid particles are stationary, meaning the

velocity is zero.

e Symmetry condition: On the pipe axis(l” = O)the velocity profile has an extremum, i.c. the

velocity gradient is zero.
ov
v(R1)=0, —| =0 3)
or|
The system of equations (1) formed, together with the initial and boundary conditions (2) and (3),
fully describes the unsteady hydrodynamic behavior of a rheologically complex fluid in a cylindrical pipe
[12,13].
Research Methodology. To solve the system of partial differential equations (1) with the given
initial and boundary conditions (2) and (3), we use the Laplace-Carson integral substitution. This method
allows us to reduce the differential equation to an operator form by transferring the time-dependent

functions to the domain of representations. Time variable (f ) According to the definition of the Laplace-

Carson transform on , it is optional f (l ) function descn'ption?( p) is defined by the following integral:

T(p)=ple s (e

To apply this substitution to system (3.1) and conditions (2)-(3), we use the following properties:

For the derivative of a function: /. {Z—J;} =pf ( p) - pf (O)

Considering the initial conditions:# = 0 atV =0 and 7 = O Since , the initial values in the operator
representation are zero.

As a result of the substitution (1), the system of differential equations with partial derivatives is
obtained in radial coordinates # It turns into an ordinary differential equation with respect to . For this, we
introduce the following integrals:
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Vi = p.l‘e_p’vxdt, T = pje_p’rrxdt. 4)
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Here p — replacement parameter.
Based on the Laplace-Carson transformations, we use these relations to represent the quantities in
equations (1) and the initial and boundary conditions in (2), (3):

V. - ov. _d Vs
—> pVy, —
ot or dr )
ot _ op _dp
>pr., ——o>—.
ot ox  dx
With these substitutions, the system of equations (3.1) takes the following form in the figure:
d‘l—' 1 _ - dp 0 0
—+—T - PPV =——,T =0T, +0,T,,
dr r dx ©)
09. ot ov
0 0 x 2 0 0 x 0 0
7, = VO Ty =y, p=ayy o p
1 ar Py 2 275 144 2 M2
Now from the second, third and fourth equations of the system of equations (6) Z_'rx we find:
0 0
- aly, a1 \ov, NS
r(r)=m| 2 222 =yt (p) (7)
y7, u 1+ pb ) or or
0 0
— o o 1
Here 22( p) = 11 144 + 2 My .
u 1+ po
Substituting the defined expression (3.7) into equation (3.6), we get
d2 Vi 1 de - 1 d
L __pp _ P (8)

dr’ v dr ;(p)vx - u(p) dx

We form equation (8). The resulting equation (8) is a second-order homogeneous ordinary
differential equation. To solve this equation, first its homogeneous part is solved, and then its heterogencous
part is solved. Therefore, we look for the solution of equation (8) as two solutions in the following form:

—1 —k

Vy =Vx+ Vyx.

Then the homogeneous part of equation (8) has the following form,
-1 —1
d2V X 1 dv -1
— PP oy

+
dr*  rdr p(p)
its fundamental solutions consist of the following Bessel functions:
I, (/(r), K, (/(r).

Solution of the non-homogeneous part Vx = A We are looking for a constant quantity. Substituting

1 dp
this quantity into equation (8), we obtain the following equation: — _'0 P A== P . And from this
u(p)  wu(p) dx

A We determine the size: 4 = _Ld_p
pp dx
Using these solutions, we determine the general solution of equation (8) in the following form:
- 1 d
ve(F)=Cl, (k7) + C, Ky (107) -—=E. ©)
pp dx
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Here K, 0 (I( I”) function 7 = O tends to infinity when . Therefore, to obtain a finite solution, C2 =0
must be. Then the solution to (9) will be as follows:
- 1 d
vx(r):Cllo(Kr)———p. (10)
pp dx
Cl To find the value of the unknown coefficient, we use the condition that the fluid movement on

the pipe wall is zero, i.e. 7 = R when v = O will be:

0=Cl,(kR)- Ldp
pp dx
From this C ywe find the unknown coefficient:
1 dp
_ppdx
"L (kR)

By substituting this value into the solution (10), the following resulting solution is obtained:
- 1 dp I, (kr
ve(r)= L2 - o(7) . (11)
pp\ dv )| I,(kR)
Here— x a parameter that describes the rheological and inertial properties of a medium

PP
u(p)

K =

The abstract argument Bessel function in the solution of (11) can be expressed by this relation

I (x)=(-i)"J " (ix) We substitute it into a Bessel function with real arguments and obtain the following

solution:
- 11( 4 J,(ixr
ve(r)=—— _b I—M . (12)
p p\ dx Jy (IKR)
The resulting solution (12) is the solution of equation (6) in the image, and to find its real solution,
we use the Laplace-Carson transformation formula:

1 o +io L[_d_pj - JO(iKI”) d_p

v(r,)=— | &” .
1) 27i 2 pp\  dx Jo(ixkR) ) p

To calculate the integral of (13) with a complex variable, we use the fact that this integral is a Laplace
integral and, taking into account that the function under the integral is a meromorphic function, we
determine its special points.

These special points are:

(13)

pl,n pz,n
p=0, S:_VRZ’ p=-v e

Here values J, (7K R ) = O solutions of the transcendental equation.
1n> 2.n 0 q

Therefore, we find the value of the integral (13) using the theory of residues. The special points at
these values consist only of simple poles. Therefore, we use the expansion of the meromorphic function
into a simple fraction. To do this, we write the expression under the integral in fractional form in this form:

E(p) 1 (_d_pj(Jo(l‘KR)—Jo(m))e_P’ LG ¥ G,
Fy(p) pp\ dx Jo (ikR) p P SP-Pu

(14)
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F(p)= (—%)(,}0 (ixR)—J, (l'/(r))ep’; E,(p)=ppJ,(ikR)

Here Co To find the remainder, multiply both sides of equation (14) p We multiply by and p We
calculate this limit by trying to zero:

dpj . . .

p(—— (JO(ZK‘R)—JO (ll(‘l"))ep 5

¢, =tim PP N ) - (—@jRZ 1-—| a5
=0 [L(p) 0 pop JO(ZK‘R) 4u\  Ox R

2
X
When calculating Bessel functions, its./,(x) =1— (5] + -+ used to spread out in the visible row.

Now Cl.n To find (14), multiply both sides of equation (14) by p — p, multiplying by the expression, p

what p, We strive for the expression and calculate the limit:

C - lim h(p) _ Fi'(pkn). (16)
> 15(p) = 1, (p,) F(p,,)
p_pkn

Here p, value J 0 (iI(R) = O is found by finding a solution to the transcendental equation. It is
known that, S, = ik Randinthis 8 J ( B, ) = O was the solution of the equation. Now 8, = ix'R from

V —
the equation p We find the values of ., whereV = lad , We can say, P new parameter p = —F pWe

o,
determine it through. In that case ; 1s determined from this equation:
— o f—
(—p)+ﬁnu (p)=0, a7
here 8, - J,, (x ) = O'the roots of the equation.
Now
ai o, 1
W(s)=| 2L 222 (18)
7 u 1+ po

Using the fact that , we obtain the following transcendental equation:

;:IBZ alﬂl()_i_azﬂg l ’
"ou #  1-pDe

1X%
here De = o
From this equation, this quadratic equation follows:

p De—(1 + pX B*De)p + 7 =0. (19)

There are two solutions to this equation, which are p, ~ p,  is defined in appearance as follows:

— 1+ XBDe+\14+282De(X —2)+ X' De*

P 2 De (20)
Now(, = lim H(p) = Fl,(p ) we find the coefficient. To do this, first /1 (p,, )
e Iy (D)~ Fy(Py)  F)(p,,)
P~ Py
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and then /. 2'( Py, ) Tt will be necessary to calculate .

It is known that /1 ( p) = (_%](JO (iI(R) -J, (il(l”))ept, from this p = —R—p,m is pkn
for I, (; in ) will be equal to:

oS3 )

Now Fz'(pkn) We calculate . [ (p)= pp2J0 (iI(R) It is known that this expression K We find
the derivative of:

Fz’(p)=2ppJ0(iKR)+pp2J({i _PP RJ=2ppJ0(,b’ )+pp J! (IK‘R)

1 ()

!

= pp*Ji(ixR) == pp*Ji(B,)(ixR), ==pp*J, (ﬁn)(% ﬂf(?p)J ~

Here.J| (x) =—J (x) It was noted that. (ll( R) The derivation of the expression was found in the

previous paragraph. Using this, we derive this, here (l K R) = ,Bn :
) » #(p)-p((p),

[m} 2[\/:@}&*@)}'2[\/;@} 1> (p)
iR = ,Bor = f3 was. From this \/7 o p):_§;§

we find that is. Then

iR iR VB
f[ ul()p)} “Temp T O ),
22@;2 (u (p)=r(w (), j

Taking this into account, we get:

!

Fz'(P)=—PPZJ1(ﬁn)[% u*ip)J o B () ol (), )+
= le(ﬁn)ﬂ(u*(p)—p(/f(p))p'j.

2R?

0 0 0
* oty o p, 1 o o, Ky % L
Here i (p) = ( R ]and H\p)=— considering that,
puoou 1+po (7) u 1+ poy

then
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is formed. And from this
,— VB[ o= = e\ VB 1+20p+0°p*X
Fz(p)=pJ1(ﬁn)£2 [ﬂ (P)=r(u(r)) ]=pJ1(ﬂn)£2 (1ljp9)f

It follows that this is the value found. ; of p,,If we sum them by their values, then Fz'( p) This
value is generated for:

v 1-2Dep, +Deé’p, X
2R? (1-Dep,, ) '

FZ,(;kn) = izp‘ll(ﬁn)

—- - '
Found /1, (p)and Fz' (p)valuesC = %puﬁing it in equality, C y.im We find:
2 plm

F( ) o I R? (_le?j(_JO (ﬂn ;jje_RZPknt
C,, =Ll -5 . —
s1-2Dep, +De’p, "X,
Jl(ﬂn)ﬂﬂn (I_De; )2
n

Co andC , Considering the values of the coefficients, the solution to the equation is determined as

follows:

v 2 Pro
2 0 0 n
i Al D) | e
4# a.x R n=1 k=1 31—2Depkn+De pan
Jl(lgn)lgn (I—De; )2
kn

Analysis and results. Here, we first analyze the transition process in a Newtonian fluid in particular,
and then analyze the transition processes in the motion of a mixture in general.

To perform Newtonian fluid analysis, the relaxation coefficient is set to zero. [De —> 0, from the
formula (21) we obtain:

2
lim v_(r.0) = lim [L[—a—ijZ (1 L
EL—>0 % De—o| 444 Ox R?

r *Lz;knt
Z-o: 2 Jo [ﬁn Ej " (22)
—8 — — —
P s1-2Dep, + De2p,m2X
kn

r\ =B
J, — le &
L[_a_ijZ 1_i_gi O[ﬁnRj

4/,1 Oox R? n=1 J1 (ﬁn ) ﬁj ’
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It is not difficult to see that this solution is identical to the solution in [14,15]. As the relaxation
coefficient approaches zero, the Maxwell model transitions to a Newtonian fluid. In this case, the solution
obtained corresponds to the unsteady solution of the classical Poiseuille flow.

Conclusion. In this work, the problem of unsteady flow of a rheologically complex fluid obeying the
Maxwell model under the influence of a constant pressure gradient in a cylindrical pipe was formulated
mathematically and its analytical solution was obtained. Using Laplace—Carson transformations, the initial-
boundary problem was solved, and the distribution of the velocity field in time and radial coordinates was
expressed by Bessel functions. It is shown that the obtained general solution is reduced to the classical
unsteady Poiseuille flow solution known for Newtonian fluids when the relaxation parameter tends to zero.
This confirms the correctness and physical adequacy of the solution. It is also found that the elastic
properties of the Maxwell model have a significant impact on the flow dynamics in unsteady processes.
The analytical expressions obtained as a result serve as a reliable theoretical basis for a deep analysis of the
processes of transition of rheologically complex fluids from unsteady to steady states, the influence of the
Debord number and other dimensionless parameters in the subsequent stages. The analytical results of this
problem will be considered in detail in a separate study in the next work.
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