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ONE-DIMENSIONAL RELATIVISTIC CONFINED ATOM

Annotation. In this work we consider the model of one-dimensional atom. One-dimensional
relativistic atom is studied for the confined case using the Dirac equation. We also consider the confined
Dirac particle in a constant uniform electric field. Furthermore, a calculation method of the energy
eigenvalues and critical charge are given for the nucleus of one-dimensional relativistic atom.

Key words: Dirac equation, unitary transformation, one-dimensional box, boundary condition,
confined Dirac particle, critical charge, Coulomb potential.

Matchonov Quvonchbek Po‘lat o‘g‘li (O‘zbekiston Milliy universiteti tayanch doktoranti;

e-mail: kuvonchbekmatchonov@gmail.com)
BIR O‘'LCHOVLI RELYATIVISTIK CHEGARALANGAN ATOM

Annotatsiva. Ushbu ishda biz bir o ‘Ichovli atom modelini ko ‘rib chiqamiz. Bir o ‘Ichovli relyativistik
atom Dirak tenglamasi yordamida chegaralangan holat uchun o ‘rganildi. Bir jinsli elektrik maydondagi
chegaralangan Dirak zarrachasini ham ko ‘rib chiqildi. Shuningdek, bir o ‘Ichovli relativistik atom yadrosi
uchun kritik zaryad va sathlarga mos energiya giymatlarini hisoblash usuli keltirilgan.

Kalit so‘zlar: Dirak tenglamasi, unitar almashtirish, bir o ‘lchovli quti, chegaraviy shart, chegara-
langan Dirak zarrachasi, kritik zaryad, Kulon potensiali.
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OJHOMEPHBLIU PEJIATUBUCTCKHUHA O PAHUYEHHBIN ATOM

Annomauus. B oannoii pabome paccmampueaemcs mMooeiv 00HOMePHO20 amoma. JOHOMepHbll
PETSIMUBUCICKIUT AMOM U3V4Aemes OJisL 02ZPAHUYE HHO20 CAYYUASL ¢ UCHOAb308aHem ypasHenus Jfuparxa. Mo
AKIHCE PACCMAMPUBACM OZPAHUYEHHYIO JIUPparo8CcKYIO yacmuiyy 8 NOCHOSHHOM 0OHOPOOHOM dTeKMpUYec-
xom none. Kpome mozo, 01 20pa 0OHOMEPHO20 PeAIMUBUCIICKO20 AmoMd Odemces Memoo pacyema cob-
CMBEHHBIX 3HAYCHUT IHEP2UU U KPUINUHECKO20 3apaod.

Knioueswie crosa: ypasnenue Jfupara, ynumapnoe npeoopazoeaise, OOHOMePHbIIL MUK, SPAHUYHOe
yenosue, ozpanudennas J{uparoeckas wacmuya, kpumuyeckuti 3apao, Kyionoeckuii nomenyuan.

Introduction. In relativistic quantum mechanics, the motion of particles is described by equations
that incorporate the principles of special relativity. The most common equation for spin %2 particles is the
Dirac equation. The electron’s motion is governed by relativistic equations like the Dirac equation (in one
spatial dimension), which accounts for spin and relativistic energy-momentum relations. The relativistic
energy levels are quantized, but they differ significantly from the non-relativistic Schrédinger equation
solutions. For a confined relativistic atom, the energy spectrum is computed by solving the Dirac equation
with the chosen potential and boundary conditions. The quantized energy levels differ from the non-
relativistic case. A one-dimensional relativistic confined atom in quantum mechanics extends the concept
of the one-dimensional relativistic atom by introducing confinement to the system. This confinement
typically restricts the motion of the particle (¢.g., an electron) within a finite spatial region, modeling
scenarios where the atom or particle is trapped inside a bounded region, such as a quantum well, potential
box, or finite domain. This model is particularly useful for studying relativistic quantum effects in finite
systems and has applications in condensed matter physics, quantum optics, and the study of low-
dimensional materials.

Literature review. The low-energy spectrum of a typical one-dimensional (1D) Dirac material is
described by a single-particle matrix Hamiltonian,

~ 0 P, — ihm
A=ve <ﬁx+ihm Px . >+U(x) (1)

where vy is the Fermi velocity, 2Avg|m| represents the band gap, and the momentum operator P,
acts along the axis of the effectively 1D system [1].

Applying the following unitary transformation to Eq. (1),
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T o1
= N (1 —1) @)
we obtain the system of equations represented by Eq.(3)
d

dx "\ iy 1 (%)
o a (sc0) = =V (i) ®
dx

Here, the eigenvalue and potential energy are scaled as € = E/Avy and V(x) = U(x)/hvp,
respectively.
The potential V(x) is modeled as a 1D Coulomb potential, given explicitly by

Uo
V(ix) =-— 4
=T @
2
where a is the shift length, and Uy = ﬁ%f is an effective fine-structure constant [1].
F

Research methodology. We analyze a quantum particle confined within a one-dimensional
relativistic box of size L. This system is governed by the stationary one-dimensional Dirac equation, expres-
sed in natural units where A =m =c¢c = 1.

Hoyp = (iaV + By = e )

where «, § are Dirac matrices [2].

In the Dirac representation, the four-component Dirac spinor ¢ can be written in terms of the large

and small two-component semi-spinors, ¢ = <£1> and y = (ﬁ) respectively. Thus, i is expressed as
2

o- (2
Equation (5) can be rewritten as the following set of coupled equations:

—ioc-Vy+ ¢ =¢¢,

—ig -V — y = &y. (7)

where, ¢ - Pauli matrices. The energy levels can be determined with k = Ve? — 1 [2].
The solution of Eq.(5) under the boundary conditions ¢4 (0) = ¢,(L) = 0 can be expressed as

follows
isin (kx)
0

Yx)=A4 0 =

T cos (kx)
isin(k,x)
0
= ¢p(x) = Ap 0 ®

e t1

where, k,, = Tl—n, n=12,.., g,=+ki+1.

In Eq.(8), we determine the coefficient A,, by normalization condition introducing the following
notation

cos(k,x)

B, = o 9
e, 41 ©)
Then,
Hy = Ey (10)
Given that,
H=H,+ V(x) ’ Hopp = eqdp, Y = ZCn¢n ’ Smn = f(pr*n(pndx

the following can be obtained from Eq.(10).
[Ho+ V)Y = Eyp =

= 2 CnHon + 2 ChVeop = EE Cnn =
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Confined Dirac particle also appear in different topics of modern condensed matter physics and
related topics. In many cases such system interacts with external electromagnetic fields. Thus, we also
consider the case of confined Dirac particle interacting with external constant uniform electric field.

The wave function of the Dirac particle can be written in two-component form as

Ya
v = (n) s
And satisfies a Dirac equation

HY =&y (15)

0 —ky + ik, 0 0

—ky — ik, 0 0

H=yaq 0 0 0 dyptik, | TV (16)

0 0 ky — ik, 0

If the particle in confined in graphene nanoribbon with zigzag edges, the wave function meets the
boundary condition for each type of wave function separately [3]

Pa(x=0)=¢p(x=L)=0 17)

For constant uniform electric field the potential is given as

V(x) = wx (18)

Therefore the Dirac equation is reduced to

HY = E¥ (19)

The wave function can be expanded using the complete set of eigenfunctions of the unperturbed

system, specifically the graphene nanoribbon, as shown

Y =YChn(x) (20)
where
sin(k,x)
Yn() = {i%[—kncos(knx) + kysin(knx)]} @b

with & = + /k,% +k3 (6= y%) 3].
0

Inserting the expansion in Eq. (20), in to Eq. (19), we obtain the system of algebraic equations
which is given in Eq. (11). In this case, the matrix elements can be calculated by

Viun = Jy Y Vipnd (22)
Conclusion/Recommendations. In conclusion, the study of one-dimensional relativistic confined
atoms reveals fascinating physics with profound implications for both fundamental research and
technological applications. By advancing theoretical models, enhancing experimental techniques, and
promoting interdisciplinary collaboration, this field can significantly contribute to the understanding of
relativistic quantum systems and their practical relevance. Therefore, we introduced a method for
calculating the energy spectrum of a one-dimensional relativistic confined atom. This method also enables
the determination of the critical charge. Using this approach, we computed the atom’s energy spectra and
estimated the critical charge.
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