


ning monoton kengayishi, chegara tezligining chegaralanganligi hamda klassik yechimning global mavjud-
ligi va yagonaligi isbotlanadi. Kamaytirish sur atlari tabiiy o ‘sish sur atlaridan yetarlicha yugori bo ‘Igan-
da, ikkala populatsiya zichligi eksponensial ravishda nolga, chegara esa chekli limitga intiladi. Model mav-
sumiy yoki boshgariladigan kamaytirishni hisobga olish imkonini beradi.

Kalit so‘zlar: reaksiya—diffuziya tizim, chizigsiz adveksiya, vaqiga bog‘liq kamaytirish, Lotka—
Volterra raqobati, umumiy erkin chegara, global mavjudiik, eksponensial so ‘nish.

CUCTEMA KOHKYPEHIIMHA JIOTKH-BOJIbTEPPEI CO CBOBOIHOM I'PAHUIIEN,
HEJIMHEMHOM AIBEKIIMEN U 3ABUCSIIMM OT BPEMEHU U3 bATHEM

Annomauus. Paccrmampueaemcs mMoOeib KOHKYPeHYUY O8YX NONYIAYUT @ 0OHOMEePHOT 0baacmu co
Cc80000HOT epanuyeti, HeIUHEHHON CAMOAOBeKYUET U 3ABUCIUUM OM 8PEMEHU NPONOPYUOHATLHBIM UL~
muem. Jleuscenue obweti epanuyvl ONpeoeiiemcs 636eULeHHOT CYMMOTL OUDQY3UOHHBIX NOMOKO8 0beux
nonynayuil, HanpaeieHHvIx Hapyxcy. Memoo cpasnenus u npeoGpazoeanue Kk QUKCUPOSAHHOT 0OIACHU
NO360JAI0M OOKA3AMb NOJONHCUMETBHOCHb 1 PAGHOMEPHYIO OSPAHUYEHHOCMb NIOMHOCMel NONYIayul,
MOHOMOHHOE pacuiuperue 061acmu U 02PAHUHEHHOCHb CKOPOCMIL SPAHUYDL, O MAKICE 21000IbHOE CYUjec-
meoeanue u eOUHCMBEHHOCHb KIACCUYeCK020 peutenus. IIpu 0ocmamouHo cuibHoM Npeobia0aHul U3bsl-
MU HAO ecmecmeeHHbIM POCHOM 00e NONYIAYUL IKCNOHEHYUATLHO GLIMUPAIOM, d SPAHUYA CHPeMUMCS
K KOHeuHoMY npedeny. Modenb oonyckaem ce30HHOe Ul pecyiupyemoe usbsamie.

Knrwuesvie ciosa: cucmema pearyuu—ouy3uu, HeauHelinas aoeexyus, 3aeucauee om epemMeHu
uzvamue, KOHKypenyus Jlomrxu—Bonvmeppul, 06was c60600HaAs epanuyd, 2106anbHOe CYUecmeosaHie,
9IKCNOHEHYUANbHOE GLIMUPAHUE.

1. Introduction. Reaction-diffusion equations are a standard tool for describing the spatial
interaction of biological populations. The classical Lotka-Volterra framework combines intrinsic growth,
self-limitation and interspecific competition, while diffusion represents random dispersal. Mathematical
foundations and ecological interpretations of such models are discussed in [1, 2]. When the occupied habitat
itself changes in time, a free boundary gives a natural description of the propagation front. The logistic free
boundary model and its spreading-vanishing dichotomy were developed in [3], and related biological free
boundary mechanisms were surveyed in [4].

For interacting populations, free boundary formulations have been studied for predator-prey and
competition systems. Lin [5] considered a predator-prey model; Guo and Wu [6] and Wang and Zhao [7]
analyzed two-species competition systems. Advection and nonlinear transport may substantially change the
movement of a population front. Relevant results for advection-diffusion free boundary equations and
systems can be found in [8-11]. A quasilinear competition system with nonlinear convection and a common
free boundary was investigated in [10], where a priori Holder estimates, uniqueness and existence were
established.

2. Formulation of the new problem

Let u(t,x) and v(¢,x) denote the densities of two competing populations at time ¢ and position X

. Their common habitat is the interval 0 < x <h(¢), where A(?) is an unknown right boundary. For a fixed
T >0, define

O, ={(1,x):0<t <T,0<x <h(t)}. (D
We consider the following nonautonomous quasilinear system:

u, _dluxx —muu, = u(al (Z)_ql (Z)_blu_clv): (Z: x) € QT' 2

v, —d,y_—myv_ = v(a2 (t)—q,(t)-byv— czu), (t,x)eQ,. 3)
The 1nitial conditions are

u(0, x) =u,(x), v(0,x) =v,(x), 0<x<h, 4)
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At the fixed left endpoint we impose zero flux, while both densities vanish at the moving front:
u (1,0)=v_(7,0)=0, 0<t<T. (5)
u(t,h(t))=v(t,h(t))=0, 0<t<T. (6)

The common front obeys the Stefan condition
(0 = ~pldu (. h(0)+ pdyy (L HE)].  7(0)=h,. %)

Here d, >0 are diffusion coefficients, m, >0 measure nonlinear self-advection, b, >0 are
intraspecific competition coefficients, ¢, >0 are interspecific competition coefficients, and 1, p >0
describe the response of the front to population flux. The functions a,(f) are intrinsic growth rates and

q,(t) are proportional removal rates. Thus 7 (f) =a,(f) —q,(¢) is the effective per-capita growth rate at

low density.
We use the following hypotheses.

I. The functions a,,q, belong to C*?([0,00)) for some 0 <a <1, and there are constants
a’,q’ >0 suchthat 0<a (f)<a and 0<q(1)<q, .

. The initial functions u,,v, belong to C***([0,4,]). are positive in (0,%,), and satisfy
,(0) =v,(0) =0, u,(h,) =v,(h,)=0. uy(h,) <0, and v,(h,) <0.

III. All constant model parameters appearing in (2)-(7) are positive, except that 7, may be zero.

3. A priori estimates
The first theorem supplies bounds that are independent of the local existence time. These estimates
are the key to continuation of a classical solution.

Theorem 1. Suppose I-I11 hold and (u,V, /) is a classical solution of (1)-(7). Then
O<u(lnx)£Mla O<V(I,X)£M2, (ZJX)EQTJ (8)

where

Mlzmax{hto ILO,%}, Mzzmax{h)o 'L”Z_Z}' ©)

1 2

Moreover, 2'(f) >0 and there is a constant C, > 0, depending only on the data and the bounds in
(9), such that

O<h()<C,, 0<t<T.(1) (10)

Proof. Since the reaction terms vanish when the corresponding density is zero, the strong maximum
principle and the initial positivity imply # >0 and v >0 in (J,. At an interior positive maximum of #,

the terms —cuv and —q,(f)u arec nonpositive. Comparison with the scalar logistic equation

z'=z(a; —bz) yields the first bound in (8). The second follows in the same way. These arguments are
standard for competitive parabolic systems; see [1, 2].
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The Hopf boundary lemma applied at x = /(t) gives u (f,h(1)) <0 and v_(¢,h(t)) <0 . Equation

(7) therefore implies /4'(f) > 0. To obtain the upper estimate, one may introduce linear barriers in a

boundary strip, or equivalently use the boundary-gradient estimate for uniformly parabolic equations after
straightening the free boundary. The coefficient bounds and (8) give

(L) <K, v L) <K, (1

where K, and K, depend only on the prescribed data on [O, T ] Substitution into (7) yields
C, = u(dK, + pd,K,) . proving (10).
Corollary 1. For every finite 7 > 0, the moving boundary satisfies

hy<h()<h+Ct, 0<i<T (12)

This follows immediately by integration of (10).
4. Transformation to a fixed domain and local solvability

Set y=x/h(t) and define U(¢, y) =u(t,h(t)y) and V (t,y)=v(t,h(t)y) . The moving cylinder
O, is mapped onto . =(0,7]1x(0,1) . Direct differentiation gives

u, :Ul—yhh('g)Uy, ux:%Uy, u’“:h%(z)UW' (13)
The corresponding identities hold for v. Hence the transformed system is
- hzdét) U, -2 hr(’Z;)mlU U, =U(at)-q,6)-bU-cV). (14)
g hfl(zl) v, -2 h'(’Z;)sz v, =V(a,(t)-q,() bV —,U). (15)
The fixed-boundary conditions are
U,(5,0)=V,(1,0)=0, U@ =V({5,1)=0. (16)
The Stefan condition becomes
H(t) = —%[dﬂy 0.+ pd,V, (1) (17)

Because /(f) > A, . the principal coefficients d, /h’(f) remain strictly positive on every finite

interval. The transformed problem is therefore uniformly parabolic as long as 4, U and V' remain in
bounded Holder sets.

Theorem 2. Under H1-H3, there exists 7, >0 such that problem (1)-(7) has a unique classical
solution satisfying

u, ve Cl+0¢/2,2+0¢ (QTO ), h c C1+ot/2 ([O, 7;)]) (18)
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Proof. On the fixed cylinder, freeze 4, U and V" in the lower-order coefficients of (14)-(17). Linear
parabolic theory in Holder spaces [10, 11] gives a solution operator. For sufficiently small 7, , the operator

maps a closed ball determined by the initial norms into itself and is compact and continuous. The Leray-
Schauder principle [10] gives a fixed point. Alternatively, the contraction argument used for free boundary

reaction-diffusion systems in [3, 5] applies after reducing 7|, . To prove uniqueness, subtract two solutions

on the fixed cylinder, estimate the differences by parabolic Schauder estimates, and use (17) to control the
difference of the two boundaries. A small-time contraction follows, and continuation gives uniqueness
throughout the common interval of existence.

5. Global continuation

Theorem 3. The local solution from Theorem 2 extends uniquely to every finite time 7 > 0.

Proof. Let 7 be the maximal existence time and suppose 1 < oo. The density estimates (8)

max max

prevent blow-up of # and v. Estimates (10)-(12) show that 2 and A~' remain bounded and that
h(t) > h, > 0 . Thus the transformed equations (14)-(15) remain uniformly parabolic. Interior and boundary

Schauder estimates [10, 11], followed by the Stefan relation (17), yield for each 0 <7 <7 abound

max
HU |‘C1+a/2’z+a([T,TmaX)X[O,l]) + HV |Ll+a/2’2+a([T,Tmax)x[o,l]) + Hh |Ll+a/2([T>Tmax])£CT. (19)

Consequently, the solution data converge in the required compatibility spaces as ¢ approaches 1’

max

. The local existence argument can be restarted at 7 . contradicting maximality. Hence 7 =00,

max » max
6. Exponential extinction under dominant removal
We now assume that removal uniformly exceeds intrinsic growth. Define

0, = 1gg(qi ®—a (t)), =12 (20)
Theorem 4.1f &, > 0 and &, > 0, then every global classical solution satisfies

e, ) 1, < Mty 1], €™, v, IL<lv, Il e 1)

Furthermore, A(f) converges to a finite limit /4, .

Conclusion. A nonautonomous free boundary model has been formulated for two competing
populations with nonlinear self-advection and time-dependent proportional removal. The use of bounded
time-dependent coefficients preserves the comparison structure of the autonomous system. Uniform density
estimates and boundary-gradient bounds provide local and global well-posedness. If removal exceeds the
largest possible intrinsic growth rate for each species, both populations decay exponentially and the
common habitat approaches a finite limiting length. The explicit estimates (13)-(17) connect management
intensity with the remaining expansion of the habitat and the time required to reach a prescribed density
level. Future work may address sign-changing net growth, periodic persistence thresholds and species-
dependent free boundaries.
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HAIIPAZKEHHO-JE®@OPMUPOBAHHOE COCTOSHHUE U PACCEAHUE BOJIH B

BA3ZKOYIIPYI'OM HOJYITPOCTPAHCTBE C HUWJIMHAPUYECKUM TOHHEJIEM BE3
OBJEJIK! IO JEVMCTBUEM ABUKYIIENCHA HATPY3KH

Annomauus. Hcenedyemes 3a0a4a 0 HANPAHCEHHO-0ePOPMUPOBAHHOM COCMOAHUU TUHETIHO-693K0-
VAPY2020 0OHOPOOHO20 UOMPONHOLO NOLYNPOCMPAHCMEA C YUTUHOPUHECKOT NOAOCHbIO (MOoHHeeM 6e3
000eIKU), 0OCb KOMOPOTi PACRON0HCEHA HA HEKOMOPOT 21yDUHe napaiieibHo c80b00HOT nogepxnocmiu. K
KOHHTYDY NOJOCHU NPUTONCEHA HOPMATBHAS UM KACAMENbHAS HACPY3KA, PAGHOMEPHO OBUICYULASCS € NOC-
MOAHHOT 0036YKO60Ti CKOPOCHLIO, MeHbULeli CKOPOCmU 60aHbI Panes. B pamxax npocmpancmeeHHoil Kkpae-
6011 3a0a4U OUHAMUYECKOT MeOpUlL 653KOYNPY20CHIU NOCHPOEHO MOYHOE AHATUMUYECKOe peutetue, OCHO-
BAHHOE HA PAZNIONCEHUN BOTHOBBIX NOMEHYUATOE NO NIOCKUM GOIHAM, NPUHYUNE CYNEPNO3UYUL 6OTHOBBIX
MOell U UX NePePaAsIONCeHUN 8 PAObL N0 YUTUHOPUHECKUM YHKYUIM. JlaHHbIl nOOX00 NO368019eM MOYHO
VUUMBIBAMb NPOYECCHl MHOZOKPAMHO20 OMPAdICeHUs 60H OM OHEGHOI NOGEPXHOCHU U UX paccesnus Ha
KOHHIYPe NOTOCHU De3 NPOCMPAHCMEEHHON OucKkpemusayuy cpeosl. Boisenen bl 3aK0HOMEPHOCHU pacnpe-
OeneHusl OUHAMUYECKUX HANPSJICCHUT U NepeMeeruil 8 3a6UCUMOCTIL O CKOPOCHIU OBUIICEHUS HACPY3KU,
2NYOUHDL 3AT0ACEHUS NOTOCU U 8A3KOYAPYSUX NApamMempoe cpedsl. [lonyuenHuvie pe3yivmamusl MO2Ym Ciiy-
AHCUMD IMATOHOM OISl OYEHKU OUHAMUHECKOT NPOYHOCTIY MATBIX MPAHCNOPMHBIX MOHHENEH.

Knrwuesnie cnosa: éa3xoynpyzoe noiynpocmpancmeo, monHelv 6e3 000eKY, O8UNCYUAACI HASPY3-
Ka, OUPpParyus 80JH, HANPAHCEHHO-0ePOPMUPOBAHHOE COCMOHIE, AHATUMUYECKOE PeULeHUe, YUTUHODU-
YeCKUll 60JIHOB0T NOMEHYUA.

HARAKATLANUVCHI YUK TA’SIRIDA QOPLAMASIZ SILINDRIK TUNNELGA EGA
QOVUSHQOQ-ELASTIK YARIM FAZONING KUCHLANGANLIK-DEFORMATSIYA
HOLATI VA UNDA TO‘LQINLARNING TARQALISHI

Annotatsiyva. O qi erkin sirtga parallel ravishda muayyan chuqurlikda joylashgan silindrik bo ‘shlig-
qa (qoplamasiz tunnelga) ega chiziqli govushqog-elastik, bir jinsli va izotrop yarim fazoning kuchlanish-
deformatsiya holati masalasi tadgiq etiladi. Bo ‘shliq konturiga Reley to ‘lqini tezligidan kichik bo ‘Igan doi-
miy tovushosti tezlik bilan tekis harakatlanuvchi normal yoki urinma yuk go ‘yilgan. Qovushqoq-elastiklik
dinamik nazariyasining fazoviy chegaraviy masalasi doirasida to ‘lqin potensiallarini yassi to ‘[ginlar bo ‘yi-
cha yoyish, to‘lqin maydonlarining superpozitsiya prinsipi va ularni silindrik funksiyalar bo ‘yicha gator-
larga gayta yoyishga asoslangan aniq analitik yechim qurilgan. Ushbu yondashuv muhitni fazoviy diskret-
lashtirmasdan, to lginlarning yer sirtidan ko ‘p marta gaytishi va bo ‘shliq konturida sochilishi jarayon-
larini aniq hisobga olish imkonini beradi. Dinamik kuchlanishlar va ko ‘chishlarning yuk harakati tezligiga,
bo ‘shligning joylashish chuqurligiga hamda muhitning govushgog-elastik parametrlariga bog ‘lig holda
tagsimlanish gonuniyatlari aniglangan. Olingan natijalar kichik transport tunnellarining dinamik mustah-
kamligini baholash uchun etalon bo ‘lib xizmat qilishi mumkin.

Kalit so‘zlar: qovushqoq-elastik yarim fazo, qoplamasiz tunnel, harakatlanuvchi yuk, to ‘Iginlar dif-
raksiyasi, kuchlanish-deformatsiya holati, analitik yechim, silindrik to ‘lgin potensiali.
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